Abstract. This paper gives a homotopy classification of Wallach spaces and a partial homotopy classification of closely related spaces obtained by free S 1 -actions on SU (3) and on S 3 × S 5 .
Introduction
In the class of 1-connected, compact homogeneous spaces Kreck and Stolz [KS1] , [KS2] were the first to discover examples of homeomorphic but not diffeomorphic spaces. Some of these examples occur in the infinite family of Wallach spaces. For coprime integers n, m let ∆ m,n : S 1 → SU (3) be the homomorphism z → diag(z n , z m , z −m−n ). Then Wallach spaces are the 7-dimensional homogeneous manifolds SU (3)/∆ m,n (S 1 ). Kreck and Stolz introduced invariants which determine the homeomorphism and diffeomorphism type of Wallach spaces. The main motivation of this paper is the homotopy classification of Wallach spaces. The following theorem is proved. These conditions look quite similar to those of Kreck and Stolz's [KS2] : Letting i) unaltered and replacing ii) by nm(n + m) ≡ ±ñm(ñ +m) mod 24r, one obtains the necessary and sufficient conditions for homeomorphy.
In this paper we also study the homotopy type of a more general class of 1-connected compact manifolds having the same cohomology ring structure as Wallach spaces, i.e. H 0 ∼ = Z, H 1 = 0, H 2 ∼ = Z with a generator u, H 3 = 0, H 4 ∼ = Z r is a cyclic group of order r generated by u 2 , H 5 ∼ = Z with a generator x 5 , H 6 = 0, H 7 ∼ = Z is generated by x 5 · u. These manifolds will be called manifolds of type r. For example, consider the family of S 1 -actions S 1 × SU (3) → SU (3),
parameterized by k := (k 1 , k 2 , k 3 ), l := (l 1 , l 2 , l 3 ) ∈ Z 3 , whose orbit spaces N k,l are manifolds of type r := k 1 k 2 +k 1 k 3 +k 2 k 3 −l 1 l 2 −l 1 l 3 −l 2 l 3 provided the action is free. These manifolds were introduced by Eschenburg [E] , who observed that a certain subfamily of those spaces have the nice geometric property admitting a natural riemannian metric of positive sectional curvature. Another family of manifolds of type r is provided by orbit spaces of free S 1 actions S 1 × S 5 × S 3 → S 5 × S 3 on the product of spheres, where we think of S 5 and S 3 as unit spheres in C 3 resp. C 2 . The action is defined by (z, (u 1 , u 2 , u 3 ), (v 1 , v 2 )) → ((z k1 u 1 , z k2 u 2 , z k3 u 3 ), (z l1 v 1 , z l2 v 2 )).
The coefficients k := (k 1 , k 2 , k 3 ) and l := (l 1 , l 2 ) are assumed to give rise to a free action such that the orbit spaces M k,l are smooth manifolds of type r, which turns out to be equal to l 1 · l 2 . The starting-point of the homotopy classification is the observation that to each manifold M of type r we can associate a canonical CW-complex structure which has the form S 2 ∨ S 3 ∪ e 4 ∪ e 5 ∪ e 7 with attaching maps β 4 , β 5 , β 7 . It can be shown that the 5-skeleton is determined by the algebraic isomorphism type of the Serre spectral sequence of the obvious fibre sequence G → M → BS 1 , and this is completely described by a pair of invariants {|r|, s(M)} where s(M ) ∈ (Z r ) * /(±1). The number s(M ) turns out to be equivalent to the linking form modulo change of orientation.
The most difficult part is the detection of the top cell. If we restrict attention to non-spin manifolds M of type r, with r divisible by 24, it is shown that p 1 mod 24 completely detects the attaching map β 7 . In this case we obtain a complete set of invariants {|r|, s(M), p 1 (M)(24)} (see Theorem 3.4). In general the detection of the top cell is a difficult problem. For the family of spaces N k,l with k 1 + k 2 + k 3 = l 1 + l 2 + l 3 ≡ 0(3) it can be completely solved by considering the obstruction of a certain homotopy lifting problem which gives rise to an unstable invariant q(N k,l ) that is able to detect the top cell. The calculation of q(N k,l ) is carried out in Proposition 4.2. The classification Theorem 4.3 can be stated as follows. 
The classification of the family of spaces M k,l of odd type is carried out in terms of the set of invariants
Using the fact that the first Pontrjagin class of manifolds is a homeomorphism invariant, we found infinitely many examples for homotopy equivalent but not homeomorphic spaces. Such examples occur even for the subfamily of the M k,l which are homogeneous, i.e. k 1 = k 2 = k 3 and l 1 = l 2 . Note that each homogeneous M k,l admits a canonical riemannian metric with SU (3) × SU (2) × U (1) symmetry. This is the reason why they were introduced by Witten [Wi] , who was looking for a generalized higher dimensional Kaluza-Klein theory. In dimension < 7 the homotopy type determines the diffeomorphism type in the class of 1-connected compact homogeneous spaces, so these examples are of minimal dimension.
1. General properties 1.1. Let M be a 1-connected, closed 7-dimensional smooth manifold and r > 0 an integer. We say M is of type r, iff the cohomology ring of M is of the following form:
We get an invariant for M by the following observation. Consider the S 1 -bundle
Using the Gysin sequence one shows that H * (G) is an exterior algebra E(y 3 , y 5 ) in two generators y 3 , y 5 of degree 3 and 5. The sequence
is obviously a fibre sequence, so we can study the associated Serre spectral sequence. The differentials in the 4-term
Since u 3 must be killed, there is another differential in the E 6 -term,
where s(M ) ∈ (Z/r) * (:= units in Z r ). The isomorphism type of the Serre spectral sequence is determined by r and s(M ), but in order to take care of the choice of the generators we have to factor out the subgroup ±1 of (Z r ) * . 
it is easy to check that G is equivalent to a complex
with attaching map α ∈ π 4 (S 3 ) ∼ = Z 2 . If we assume that α = 0, then π 4 (G) = 0; consequently the 5-skeleton of G is equal to the 5-skeleton of SU (3). Using the exact sequence of the pair (G, S 3 ∪ e 5 ) and the homotopy groups of SU (3), one observes that the attaching map of the top cell is unique, which proves that G is equivalent to SU (3). Summarizing, we see that M of type r implies that π 4 (M ) = 0 or π 4 (M ) = Z 2 .
1.3. A certain series of manifolds of type r was introduced by Eschenburg [E] . Let
If this action happens to be free, which is equivalent to the condition
then the orbit space is a smooth manifold, which we denote by N k,l . For one-sided actions (k = (0, 0, 0) or l = (0, 0, 0)) the homogeneous orbit spaces are known as Wallach spaces. The homotopy classification of Wallach spaces was the main motivation for considering manifolds of type r. By using the Serre spectral sequence
, where σ i are the elementary symmetric functions; furthermore
Following Singhof [Si] , an easy calculation yields the characteristic classes
Another family of manifolds of type r is provided as orbit spaces of S 1 -actions on S 5 × S 3 :
If gcd(k i , l j ) = 1 ∀ i, j and l 1 l 2 = 0, then the action is free and the orbit spaces, which we denote by
In case
are homogeneous spaces, which were also studied by Witten [Wi] . 
where ν 2 is the Hopf map, ψ is the image of the generator of π
An easy argument involving relative exact sequences and Hurewicz homomorphisms shows that the kernel of (h 3 ) * :
is generated by ν 2 − r · ι 3 . Therefore we get a 4-equivalence by attaching a 4-cell with attaching map β 4 := ν 2 − rι 3 . It is straightforward to check that we need a 5-cell and a 7-cell to obtain a homotopy equivalence h :
) is finite and generated by the image of [ι 2 , ι 3 ] and the composition ψ :
is redundant, because of the relation ν 2 = r · ι 3 ). By Toda [To] , p.65, the Whitehead product [ι 2 , ν 2 ] vanishes; therefore [ι 2 , ι 3 ] ∈ π 4 (M 4 ) is an r-torsion element and
has order 2r. Applying the Hurewicz theorem and the exact sequences of the pair (M 7 , M 5 ), we can reduce this to calculating the homomorphism p * :
, which is multiplication by ±r. Finally we have to calculate π 6 (M 5 ); since p * : π 6 (G) → π 6 (M ) is an isomorphism one can use the cellular approximation theorem to see that the short exact sequence
splits, which yields the result by applying 1.2.
Remark 1.4. If M is of type A r , the exact sequence of the pair (M 5 , M 4 ) shows that π 4 (M 4 ) is cyclic; hence r ≡ 1(2) and = 1 by 1.3.
Detecting the 5-cell
In this section we intend to introduce invariants which determine the homotopy type of manifolds of type r up to dimension 5. More precisely, we study the 5-skeleton of the CW-complex that is canonically associated to these special manifolds.
2.1. For the definition of the invariant s(M ) we made use of a certain differential in the Serre spectral sequence of the fibre sequence
where u induces the homomorphism
which maps the universal Chern class c 1 to a generator of H 2 (M ). This differential is known as the transgression homomorphism (see [Sp] , p.518). It can be defined as follows. Consider the homomorphisms
for q > 0, where δ denotes the connecting homomorphism of the pair (M, G) and M is here identified with the pullback under u of the universal disc bundle over BS 1 , which is a manifold with boundary G. The transgression is the homomorphism from a subgroup of H q (G) to a quotient group of H q+1 (BS 1 ):
In our case q = 5 and
On the other hand we can consider the canonical S 1 bundle
which is classified by the map u : M → BS 1 . By integration over the fibres we obtain homomorphisms
For q = 3, 5 these are related to τ as follows. Let
be the Thom-homomorphism of the bundle (G, p, M ). The homomorphism τ is equal to the composition
These homomorphisms can be used to describe the precise relation between the invariant s(M ) and the linking form. The linking form is a bilinear form
which can be defined as follows (see [Ba] ). Fix an orientation class µ ∈ H 7 (M ). Let x, y ∈ H 4 (M ) and ξ ∈ H 3 (M) be the Poincaré dual homology class of y. Moreover let
be the Bockstein homomorphism which is associated to the exact sequence
Since H 4 (M ) is a cyclic group of order r which is generated by the cohomology class u 2 , where u is a generator of H 2 , it is clear that the linking form is determined by the number L(u 2 , u 2 ). The relation between the invariant s(M ) and the linking form is given by the following lemma. Note that L(u 2 , u 2 ) is only defined modulo sign, since M is not assumed to be oriented. It is obvious how the definition of the invariant s(M ) can be extended to the oriented category so that it becomes strictly equivalent to the linking form.
Lemma 2.1.
where
Proof. From the fibre bundle S 1 → G p → M we obtain the following commutative diagram of cohomology groups
where the vertical arrows are the Poincaré duality isomorphisms. Let x 3 ∈ H 3 (G) ∼ = Z, x 5 ∈ H 5 (G) ∼ = Z be generators and x * 3 ∈ H 3 (G) be the dual homology class, e.g.
) . Recall that, by Proposition 1.3, M is homotopy equivalent to a CW-complex with 4-skeleton
where e 4 is attached to the 3-skeleton by the map β 4 = ν 2 − rι 3 . In the associated cellular chain complex 
2.2. Consider a manifold M of type r. By Proposition 1.3 we know that M is homotopy equivalent to a CW-complex with the 5-skeleton
where β 4 := ν 2 − rι 3 and
Consider the case that r is even. Stably we have β 5 = · ψ, because Whitehead products vanish under suspension, and it is obvious that is detected by Sq 2 :
. Next we will show that the number λ is up to a sign determined by the invariant s(M ) or equivalently by the linking form.
Lemma 2.2.
where ρ : Z r → Q/Z is the homomorphism defined by ρ(n mod r) := n r . Proof. We identify M with the CW-complex
with β 4 , β 5 as above. Consider the inclusion h : S 2 ∨ S 3 → M of the 3-skeleton and choose 1 ∈ Z 2 in such a way that η := 1 ψ + [ι 2 , ι 3 ] vanishes in π 4 (M ). Then there is an extension
The exact sequences of the map f :
The adjunction formula states that
be the homology class of the 3-sphere S 3 → S 2 ∨ S 3 ∪ e 4 ∪ e 5 ∪ e 7 . Applying the adjunction formula yields
By definition we have f ! (1) = l · u, and consequently
The last equation has been verified in (2.4).
Consider the complement M − P of a point P ∈ M . It is homotopy equivalent to the 5-skeleton of the CW-complex which we are studying. From Lemma 2.1 and Lemma 2.2 5-cell, 
3. Detecting the 7-cell 3.1. We first study the situation stably in the case when r is not divisible by 2. Consider the Atiyah-Hirzebruch spectral sequence
converging to the stable homotopy groups of M 5 . Localizing at the prime 2, we get the following picture. 
) depend only on the stable attaching map β s 5 = ψ, which is equal to · η 2 (we identify η 2 ∈ π 4 (S 2 ) with its image in M ). Therefore we havẽ 
in the dual AH spectral sequence
converging to the stable cohomotopy groups of M ν . Following [AH] this differential is a cohomology operation given by the Steenrod square Sq 
* , r ≡ 1(2) and β 7 a generator of a subgroup of index 6 resp. 24, if = 0 resp. 1, is smoothable.
Proof. The stable vector bundles over X are classified by w 2 and p 1 . This can be seen as follows. First observe thatKO(X) = [X, BO] has no contribution from the 5-and 7-cells. Consider the 4-skeleton X 4 := S 2 ∨ S 3 ∪ e 4 of X. The cofibration
where the map g represents a generator of π 3 (X 4 ), gives rise to an exact sequence
Since the stable vector bundles over P 2 are classified by w 2 and p 1 the same is true for X 4 . Choose a stable vector bundle ξ with w 2 (ξ) = w 2 (X) and p 1 (ξ) mod 3 = −v 1 (X), where v 1 (X) := is the first Wu class of X. Using the Thom isomorphism, one easily verifies that the Thom spectrum M (ξ) of ξ has the property that Sq 2 :
; Z 3 ) both vanish (the Thom class lies by convention in H 0 ). Since r is odd this implies that the stable top cell of M (ξ) splits off, so the top homology class is spherical and the claim follows by classical surgery theory.
Remark 3.3. For arbitrary r the stable homotopy type should have a classification in terms of the (HZ 2 ) * (HZ 2 ) module structure of the cohomology ring and the first Pontrjagin class reduced modulo 24. The problem is that p 1 modulo 24 has to be defined in terms of stable homotopy theory. This would also lead to a generalization of Proposition 3.2. We will discuss this point in a later paper.
There is one case where the nonstable homotopy type is determined by the known invariants. 
Proof. M , M are of type B r by Remark 1.4. We show that the attaching maps β 7 , β 7 of M , M are homotopic. Consider the Atiyah-Hirzebruch spectral sequence
converging to the stable homotopy groups of M 5 . Localizing at the prime 2, we have the following picture: 
where the small dots represent the group Z 2 and the big dots represent the group Z 8 . The only differentials in this picture correspond under the isomorphism (3.1) to the cohomology differentials in the AH spectral sequence
converging to the stable cohomotopy groups of the Thom spectrum M ν of the stable normal bundle of M . These differentials can be identified by [AH] with the Steenrod square Sq 2 . The action of Sq 2 on H * (M ν ) is given by the formula Sq 2 (U ν ) = w 2 U ν , where U ν denotes the Thom class of the stable normal bundle ν. As the referee pointed out to me, in the case when r is even, w 2 = 0 is equivalent to the vanishing of Sq 2 : H 3 → H 5 . For let u ∈ H 2 and x ∈ H 3 be the generators of the cohomology ring with Z 2 coefficients. By the Wu formula
hence w 2 (M ) = 0 is equivalent to Sq 2 (x) = 0. This implies Sq 2 (w 2 U ν ) = 0 and Sq 2 (xU ν ) = xw 2 U ν = 0. Therefore the differentials
) are the only non-trivial differentials in the picture. Since the stable 5-cell splits off, we have π
) is a monomorphism with image Z 4 ⊕ Z 2 . Identify the 5-skeletons of M and M , and let ν, ν be the stable normal bundles of M , M . Since w 2 (M) = w 2 (M ) and p 1 (M ) = p 1 (M ) mod 24, the spherical fibrations that are associated to ν, ν are equivalent over the 5-skeletons. The top cells of the Thom spectra M ν and M ν split off, and there is a splitting preserving homotopy equivalence h :
Clearly, the stably dual homotopy equivalence h * : M + → M + restricted to the 5-skeleton sends β 7 to ±β 7 .
3.2. So far we have studied only the stable attaching map for the top cell. We now consider the Whitehead product
which is clearly an unstable invariant. By 1.2 we have
Let λ 5 ∈ π 5 (M 5 ) be a generator if M is of type A r , or a generator of a subgroup of index 2 if M is of type B r .
Lemma 3.5. Let M be of type r with r ≡ 1(2). Then
where α, µ do not depend on the choice of λ 5 , α is a torsion element, and µ = 2r if M is of type A r , otherwise µ = r.
Proof. The determination of µ is a straightforward calculation. We need to show that α does not depend on the choice of
, where ν is the Hopf map and E is the suspension. Then
By Proposition 1.3 and the fact r ≡ 1(2) we obtain [ι 2 , ι 3 ] = 0.
Classification results
In this section we classify a subseries of the generalized Wallach spaces consisting of those spaces N k,l with
4.1. Assume from now on that k i = l j = 0 and that the corresponding action is free. Let ϕ k,l :
There is an obvious diffeomorphism of the double coset space
with N k,l . The quotient map
defines a fibre bundle with fibre SU (3). Let ι 2 ∈ π 5 (ϕ k,l (S 1 )\SU (3) × SU (3)) ∼ = Z and λ 5 ∈ π 5 (SU (3)) be generators and let
is a map which represents on each factor a generator of π 2 (N k,l ) resp. π 5 (N k,l ). Together with Lemma 3.5 this shows that
In the case that r is not divisible by 3, this determines β 7 up to 2-torsion, but this is also true for r ≡ 0(3) since p 1 (N k,l ) ≡ 0(3) detects the attaching map 3-locally (3.1). We now come to the hardest point in classifying the series N k,l , that is, the calculation the 2-primary part of β 7 . The idea is to consider for a certain space of type A 1 , say N 0 , the obstruction for the existence of a map h : 1 Proof. Assume that the conditions 1 and 2 hold. By Proposition 1.3 we can assume that the 5-skeletons of both spaces are identical, say to a complex N 5 = S 2 ∨ S 3 ∪ e 4 ∪ e 5 . Let β 7,0 , β 7 ,β 7 be the attaching maps of the top cells of N 0 , N k,l , Nk ,l respectively. We have
For both spaces there exist maps h
for some s 1 , s 2 ∈ Z. Composing h 1 and h 2 , if necessary, with appropriate self-maps of N 0 , we can assume s 1 = s 2 =: s. The integer s must be odd; this is because s is also the degree of the homomorphism Following Singhof [Si] , the space N k,l = ϕ k,l (S 1 )\SU (3) × SU (3)/∆SU (3) is a pullback up to homotopy:
where the vertical maps are the diagonal map ∆ and a map representing a generator of
is equivalent to the existence of a lift of the map u :
There is a lift of the map u : N 0 → BS 1 if and only if the two compositions 
As a consequence of Propositions 4.1 and 4.2 we get the classification theorem. 
Example 4.5. Let k := (n + 1, n − 1, −2n), l := (n, n, −2n). The corresponding S 1 -action is free and the spaces N k,l are all of type A 1 . We have s(k, l) = 1 mod 1 and q(k, l) = 0 if n is even, 1 if n is odd. There are three pairs (k, l) with s(k, l) = 3(7) and q(k, l) = 0(2). The corresponding spaces are therefore homotopy equivalent. Since p 1 (k, l) are pairwise distinct, the spaces are not homeomorphic.
The proof of the following two lemmas is left to the reader. The quotient spaces are standard: SU (3)/U (2) = P 2 C, U (2)/S 1 = S 3 . The composition N 0 → P 2 C → P ∞ C = BS 1 , which is induced by π, is homotopic to the map u representing a generator of H 2 . Since the classifying space BSU (3) is 3-connected and H 4 (BSU (3)) is generated by the second Chern class c 2 of the universal bundle, two maps f 1 , f 2 : P 2 C → BSU (3) are homotopic if and only if f * 1 (c 2 ) = f * 2 (c 2 ) in H 4 (P 2 C) . Let r 1 := −σ 2 (k 1 , k 2 , k 3 ), r 2 := −σ 2 (l 1 , l 2 , l 3 ) and let L r : P 2 C → BSU ( Let E, F be the pullbacks of the universal SU (3)-bundle by the 7-connected map j : S 4 ∪e 6 → BSU (3) and L −1 : P 2 C → BSU (3). We obtain the following diagram:
−→ BSU (3).
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The composition L −1 •π is clearly homotopic to a constant, since N 0 is the homotopy fibre of the map Bϕ (1,0,−1) : BS 1 → BSU (3). Consequently π has a liftπ : N 0 → E. Using the commutative diagram of fibre sequences
